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SCHUR INDICES IN GAP: WEDDERGA 4.6+
ALLEN HERMAN
Abstract. We describe a algorithms and their implementations that calcu-
late local and global Schur indices of ordinary irreducible characters of finite
groups, cyclotomic algebras over abelian number fields, and rational quater-
nion algebras. These functions are available with the latest release of the GAP
package wedderga, versions 4.6 and higher.
1. Introduction
The GAP package wedderga [3], originally released in 2006, features an algo-
rithm for obtaining a presentation of the Wedderburn decomposition of the group
algebra of a finite group G over F , where F is either a finite field or an abelian
number field. Simple components of the Wedderburn decomposition obtained us-
ing wedderga appear as cyclotomic crossed product algebras; i.e. crossed products
over cyclotomic extensions of F whose factor set is expressed entirely in terms of
roots of unity. The wedderga package achieves this presentation of the Wedderburn
decomposition of FG using a search algorithm based on the Brauer-Witt theorem.
It searches for suitable subgroups of G that can be used to generate the p-part of
the simple component corresponding to a given irreducible character of G for all
necessary primes p, and then suitably glues the cyclotomic algebras associated to
these subgroups together. For a full description of the method, see [9].
While the ability to find an expression of the Wedderburn decomposition of a
group algebra in GAP as a direct sum of matrix rings over cyclotomic algebras is an
attractive feature of wedderga, the fact that it offered no features for identifying the
division algebra parts of the cyclotomic algebras has been an obvious shortcoming.
Users have been left on their own to attempt the delicate calculations of the Schur
indices of cyclotomic algebras produced by wedderga whenever they need a pre-
cise Wedderburn decomposition of the group algebra, such as would be necessary
to determine the unit group or automorphism group of FG in a straightforward
manner.
This has been the major motivation for this project, the main part of which
implements additional functions in wedderga that calculate local Schur indices of
cyclotomic algebras. As a result of the successful implementation of these functions,
we are able to provide a Wedderburn decomposition function
WedderburnDecompositionWithDivAlgParts(GroupRing(F,G));
that outputs a full Wedderburn decomposition of a group algebra of a finite group
G over an abelian number field F in terms of a direct sum of matrices over di-
vision algebras. The additional functions LocalIndicesOfCyclotomicAlgebra,
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SchurIndex, and SchurIndexByCharacter allow the user to identify the division
algebra parts of simple components of group algebras in terms of local indices at
rational primes, and to calculate Schur indices of cyclotomic algebras and group
characters over any abelian number field. As part of the same package, we have also
provided new functions for calculating Schur indices of quaternion algebras over the
field of rational numbers, and tools for converting between quaternion algebras and
cyclic algebras.
We use the general procedure for calculating local Schur indices of irreducible
characters of finite groups that was developed by Bill Unger and Gabriele Nebe in
2006. Their implementation has been available in MAGMA (Versions 2.14 and up)
since 2009 [7]. For a given finite group G and irreducible character χ ∈ Irr(G), it
uses the Frobenius-Schur indicator to calculate the local index at ∞, and for the
local index of χ at a finite rational prime q, it uses these three steps:
Step 1: (Brauer-Witt search.) For each prime p dividing χ(1), find a minimal
subgroup (i.e. a Schur group) H and ξ ∈ Irr(H) that isolates the p-part of the
q-local index of χ.
Step 2: (q-modular characters.) If the q-defect group of ξ is cyclic, use Benard’s
theorem on characters in blocks with cyclic defect group [1] to obtain the q-local
index of ξ.
Step 3: (Dyadic Schur groups.) If the q-defect group of ξ ∈ Irr(H) is not
cyclic, then it will be the case that q = 2, and one can apply Riese and Schmid’s
classification of dyadic Schur groups (see [13] and [14]) to obtain the 2-local index
of ξ.
Aside from these three basic steps, all of the code for the GAP implementation
has been created independently. In addition to characters, it can also accommo-
date cyclotomic algebras, and makes use of shortcut algorithms for calculating local
indices of cyclic cyclotomic algebras. One of these shortcut procedures is an alter-
native way to compute the local index of a cyclic cyclotomic algebra at an infinite
prime without using the Frobenius-Schur indicator. For the local index of a cyclic
cyclotomic algebra at a finite prime, we implement methods due to Janusz [6].
The notation used for cyclotomic algebras in wedderga will be explained in Sec-
tion 2, followed by the necessary background on Schur indices of simple components
of group algebras in Section 3. The shortcut algorithms for computing local indices
of cyclic cyclotomic algebras are explained in Section 4, along with an explanation
of new GAP functions we needed for calculating cyclotomic reciprocity parameters
for cyclotomic number fields. In Section 5, we describe most of the elements for
the general procedure. After showing how we find an irreducible character of a
group that realizes a given cyclotomic algebra, we explain our implementation of
the Frobenius-Schur indicator for the local index at infinity and of Benard’s the-
orem for the q-local index of an irreducible character lying in a block with cyclic
q-defect group. These methods leave one exceptional situation, so the final step
needed to calculate a 2-local index using Riese and Schmid’s classification of dyadic
Schur groups is described in Section 6. In Section 7, we describe additional features
of the package that calculate local indices of rational quaternion algebras using the
Legendre symbol procedure, that allow one to decompose a cyclotomic algebra
into the tensor product of two cyclic algebras, and that enable the user to convert
between cyclic cyclotomic algebras, cyclic algebras, and quaternion algebras.
SCHUR INDICES IN GAP: WEDDERGA 4.6+ 3
The current implementation of the Schur index functions in wedderga has been
tested and performs adequately on all groups of order up to 511. We provide
descriptions of possible future enhancements to the program that may prove to be
necessary for larger groups.
2. Cyclotomic algebras in wedderga
Let F be an abelian number field. This means that F is a subfield of cyclotomic
extension Q(ζn) of Q. We will write ζn for a primitive complex n-th root of unity
(E(n) in GAP), and σb for the Q-linear automorphism of Q(ζn) that sends ζn
to ζbn. This map is denoted by GaloisCyc(F,b) in GAP. Information about the
Wedderburn decomposition of the group algebra of a finite group G over F is
produced with the wedderga commands
WedderburnDecompositionInfo(GroupRing(F,G));
- which gives a list of all the simple components of FG, or
SimpleAlgebraByCharacterInfo(GroupRing(F,G),chi);
- which gives the particular simple component of FG corresponding to an ordinary
irreducible character chi of G.
The individual simple components resulting from these -Info functions appear in
one of the following forms:
1) [r,F], which means the ring of r × r matrices over F ;
2) [r,F,n,[a,b,c]], which means the ring of r× r matrices over the cyclic cy-
clotomic algebra (F (ζn)/F, σb, ζ
c
n) := ⊕iF (ζn)ui, where u commutes with elements
of F , ua = ζcn, and uζn = ζ
b
nu;
3) [r,F,n,[[a1,b1,c1],[a2,b2,c2]],[[d]]], which means the ring of r × r
matrices over the cyclotomic algebra (F (ζn)/F, f) = ⊕i, jF (ζn)uivj , where u and
v commute with F , ua1 = ζc1n , uζn = ζ
b1
n u, v
a2 = ζc2n , vζn = ζ
b2
n v, and vu = uvζ
d
n;
4) [r,F,n,[[a1,b1,c1],[a2,b2,c2],[a3,b3,c3]],[[d12,d13],[d23]]], which
means the ring of r × r matrices over the cyclotomic algebra (F (ζn)/F, f) =
⊕i, jF (ζn)uivjwk, where u, v, and w commute with F ,
ua1 = ζc1n , v
a2 = ζc2n , w
a3 = ζc3n ,
uζn = ζ
b1
n u, vζn = ζ
b2
n v, wζn = ζ
b3
n v,
vu = uvζd12n , wu = uwζ
d13
n , and wv = vwζ
d23
n .
etc. Cyclotomic algebras whose factor sets require more than 3 generators can
(theoretically) be produced by wedderga’s -Info functions. These would appear
in the form one would expect based on the above pattern.
3. Schur indices for simple components of group algebras
Any simple component of the group algebra FG of a finite group G over an
abelian number field F will be equal to a principal ideal FGe of FG corresponding
to a centrally primitive idempotent e. This idempotent determines a specific Galois
conjugacy class of complex irreducible characters of G with χ(e) 6= 0, and since F
has characteristic 0 the center of the simple component is isomorphic to the field of
character values F (χ) for any of these characters χ. Since FGe is a central simple
F (χ)-algebra, it is isomorphic to Mr(D), the ring of r × r matrices over a division
algebra D. We call D the division algebra part of the simple component. The
Schur index of the simple component (aka. the Schur index of D or of χ over F )
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is mF (χ) =
√
[D : F (χ)], the square root of the dimension of the division algebra
D over its center. So it is an essential invariant for a finite-dimensional division
algebra that measures its noncommutativity.
It is a consequence of the Brauer-Witt theorem that any simple component of
the group ring of a finite group over an abelian number field will be (Morita)
equivalent to a cyclotomic algebra over a (possibly larger) abelian number field F
(see [15]). This means that the simple component FGe corresponding to χ ∈ Irr(G)
can be expressed as a matrix ring over a cyclotomic algebra with center F (χ),
which the initial Wedderburn decomposition functions in wedderga provided. These
cyclotomic algebras are themselves central simple algebras over F (χ) with the same
division algebra part as FGe.
Since its center F (χ) is an algebraic number field, the isomorphism type of D as
an F (χ)-algebra is determined by its list of P-local invariants, one for each prime
P of the number field F (χ). Each local invariant is a lowest-terms fraction s/mP
in Q modulo Z, the local invariant at any infinite prime of F (χ) can only be 0 or 12 ,
all but finitely many of the local invariants are equivalent to 0, and the sum of all
the local invariants also must be 0 [12]. The denominator mP of the local invariant
at P is called the P-local index of D. This is the Schur index of the simple algebra
formed by the P-adic completion of D. The global Schur index of D at F (χ) or F
is the least common multiple of these local indices.
The division algebra parts of simple components of the group rings of finite
groups over abelian number fields are restricted quite a bit by the Benard-Schacher
theorem.
Theorem 1. [2] Suppose D is the division algebra part of a simple component of
the group algebra of a finite group G over an abelian number field F .
i) As P runs over the set of primes lying over the same (infinite or finite) rational
prime p, the local indices mP for D are all equal to the same positive integer, which
we call the p-local index of D.
ii) The pattern of local invariants at the primes lying over a common rational
prime is uniformly distributed:
b · invPσb (D) ≡ invP(D) mod Z, ∀σb ∈ Gal(Q(ζn)/Q).
(This essentially means by knowing one invariant above p you can determine the
others.)
iii) The Schur index of D is at most the maximum order of a root of unity in
F (χ).
There are even further restrictions on the p-local indices of division algebra parts
of simple components of group algebras. Especially, the p-local index is 1 for any
finite prime p not dividing |G|, the p-local index is at most p− 1 for an odd prime
p, and the 2-local index can be at most 2 (see [6] or [15]).
The goal of the Schur index functions in wedderga is to enable the user to
identify the division algebra part of a cyclotomic algebra in terms of its p-local
indices, and from these obtain its Schur index. Although the list of local indices
does not identify the division algebra up to ring isomorphism in general, it does do
so when the Schur index is at most 2 or when the defining group is “small enough”.
For example, this is true for faithful characters of all groups of order less than 819,
since this is the least order of a finite group that can produce p-local indices equal
to 3 at two distinct odd primes p.
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4. Shortcuts for Schur indices of cyclic cyclotomic algebras
When a simple component produced by wedderga has the presentation
[r,F,n,[a,b,c]],
it is a matrix ring over the cyclic cyclotomic algebra A = (F (ζn)/F, σb, ζ
c
n). The
local indices of these functions can be calculated directly from this presentation
using three shortcut algorithms.
1. LocalIndexAtInfty. A shortcut for calculating the local index of A at an
infinite prime is given by the following lemma.
Lemma 2. A cyclic cyclotomic algebra A = (F (ζn)/F, σb, ζ
c
n) has local index 2 at
an infinite prime if and only if F ⊂ R, n > 2, and ζcn = −1.
Proof. F must be a real subfield, for otherwise the center of the completion of A at
an infinite prime would be C and no Schur index other than 1 would be possible.
When F is a real subfield and n > 2, [F (ζn) : F ] = a is even, and σ
a/2
b will induce
the nontrivial automorphism of order 2 in Gal(F (ζn)/(F (ζn)∩R)). This will induce
complex conjugation in C/R, so A⊗R will be Morita equivalent to (C/R, σa/2b , ζcn).
Since ζcn has to be a root of unity in R, this algebra will have index 2 only when
ζcn = −1. 
Simply checking these conditions allows us to calculate the real Schur index of
a cyclic cyclotomic algebra without using the Frobenius-Schur indicator of a irre-
ducible character, which would require obtaining a faithful character of a group that
can be represented by the cyclotomic algebra A and thus be a bit more expensive.
Functions that calculate the local index using the traditional character-theoretic
approach are described in sections 5 and 6. These can be applied to cyclic cyclo-
tomic algebras directly, which makes it possible to check results obtained using the
shortcut methods.
2. LocalIndexAtOddP. The shortcut for the local index of A = (F (ζn)/F, σb, ζ
c
n) at
an odd prime p makes use of the following lemma of Janusz.
Lemma 3 ([6], Lemma 3.1). Let E be a Galois extension of a local field K with
ramification index e = e(E/K). Suppose n is relatively prime to p with ζn ∈ K.
Then ζn is a norm in E/K if and only if ζn is the e-th power of a root of unity in
K.
This lemma means that one can calculate the p-local index of A by counting
the roots of unity in a p-adic completion of F . To do this, we use the fact that
the number of roots of unity of order coprime to p in a p-adic completion of F is
pf − 1, where f = f(F/Q) is the residue degree of F/Q at the prime p. In order
to use these facts, we have implemented (new!) cyclotomic reciprocity calculations
in GAP. These enable us to find, for F ⊆ K ⊆ Q(ζn), the ramification index
e = e(K/F ), the residue degree f = f(K/F ), and the splitting degree g = g(K/F )
at the prime p. Once we have found e = e(F (ζn)/F ) and f = f(F/Q), it is
immediate from Janusz’s Lemma that the p-local index of A = (F (ζn)/F, σb, ζ
c
n)
for an odd prime p is simply the least power of ζcn that is in the group generated
by ζepf−1.
Cyclotomic reciprocity in GAP. Our cyclotomic reciprocity calculations begin
with the calculation of e, f , and g for the extensionQ(ζn)/F , including the case F =
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Q. Let np′ be the p
′-part of n, the largest divisor of n that is coprime to p, and let np
be the largest power of p dividing n. The Galois group of Q(ζn)/Q is the set of all σb
with b coprime to n, and Gal(Q(ζn)/F ) is the subgroup consisting of those σb’s that
fix a primitive element of F . Let B be the set of integers b modulo n corresponding
to the σb’s in Gal(Q(ζn)/F ). Reduce the elements of the set B modulo np′ to get the
set B¯. The size of this set is fg, and |B|/|B¯| = e. Next, let U be the set of distinct
powers of p modulo np′ . The size of the intersection of U and B¯ is f . The subfield of
F (ζnp′ ) fixed by these σb’s is the maximal subextension of Q(ζn)/F that is totally
split at the prime p. Its dimension over F is g. (As this field is needed for the
general algorithm later on, the command PSplitSubextension(F,n,p) produces
it directly.)
Once we calculate the field parameters e, f , and g for the extension Q(ζn)/Q, we
then calculate the e′, f ′, and g′ for the extension Q(ζn)/F . Since these are abelian
Galois extensions of Q, the parameters e′′, f ′′, and g′′ for F/Q are then just the
ratios e′′ = e/e′, f ′′ = f/f ′, and g′′ = g/g′. The parameters for general extensions
K/F for K ⊆ Q(ζn) are obtained similarly from the parameters of Q(ζn)/K and
Q(ζn)/F .
3. LocalIndexAtTwo. The shortcut algorithm for the 2-local index of cyclic cyclo-
tomic algebras is also based on the ideas in [6]. It requires the following observation.
Lemma 4. Suppose the cyclic cyclotomic algebra A = (F (ζn)/F, σb, ζ
c
n) over an
abelian number field F has 2-local index 2. Then any 2-adic completion of A is
Morita equivalent to a non-split quaternion algebra over a 2-adic completion of F .
Proof. LetK be the completion of F at a prime of F lying over 2, and let L = K(ζn).
Then AK = A ⊗F K ≃ (L/K, σgb , ζcn) is a cyclic algebra over a 2-local field with
index 2. If it were the case that 4 did not divide n, then L/K would be unramified,
forcing ζcn to be a norm in L/K and AK to have index 1. So it must be the case
that 4 divides n.
Find primitive n2 and n2′ roots of unity for which ζn = ζn2ζn2′ . We can decom-
pose AK as the tensor product
AK ≃ (L/K, σgb , ζcn2)⊗K (L/K, σgb , ζcn2′ ),
and the second factor must be split because its factor set has odd order and its
local index must divide 2. So AK is equivalent to a cyclic cyclotomic algebra whose
factor set is contained in 2-power roots of unity.
By a theorem of Witt (see [6, Proposition 3.2]), ζ4 6∈ K. Since ζcn2 ∈ K, in order
for the index of AK to be 2 we must have ζ
c
n2 = −1.
If F is the maximal subextension of L containing K such that [L : F ] = ℓ is odd,
then by [12, Theorem (30.10)],
(L/K, σ,−1) ≃ (F/K, σ¯,−1).
Now, if it were the case that K(ζ4) would be properly contained in F , then there
would be a subfield F1 of F containing K that is linearly disjoint from K(ζ4).
Since [F1 : K] would be a power of 2, the Galois group of [F : K] would not be
cyclic, a contradiction. Therefore, AK is equivalent to a nonsplit quaternion algebra
(K(ζ4)/K, σ¯,−1). 
For the shortcut algorithm for the 2-local index of a cyclic cyclotomic algebra
A = (F (ζn)/F, σb, ζ
c
n), we use these steps:
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Step 1: find the maximal 2-split subextension K of F (ζn)/F and determine AK =
(F (ζn)/K, σ
g
b , ζ
c
n);
Step 2: arrange for n (and c) to be minimal with AK = (K(ζn)/K, σ
g
b , ζ
c
n);
Step 3: check that 4 divides n, ζ4 6∈ K, and the order of ζcn is twice an odd number;
and
Step 4: show that the residue degree f = f(K/Q) is odd (otherwise the quaternion
algebra over K would split at the prime 2).
The 2-local index will be 2 only if the conditions of steps 3 and 4 are satisfied.
5. Computing local indices using ordinary and modular characters
Since the shortcuts in the previous section can only be applied to cyclic cyclo-
tomic algebras, a general method must be applied to non-cyclic cyclotomic algebras,
which wedderga’s -Info functions represent as lists of length 5. For these algebras,
a traditional approach using character-theoretic information is effective. The theory
behind these algorithms is fairly well-established.
Let A be a cyclotomic algebra with center an abelian number field F . One must
first use the presentation of the cyclotomic algebra to extract a faithful irreducible
character of a group that naturally defines it. Then we apply the character-theoretic
methods to this group and character. In most cases we are thinking of, the cyclo-
tomic algebra A will not be cyclic cyclotomic, but if it is these functions can still
be applied.
1. DefiningGroupOfCyclotomicAlgebra. This constructs a natural quotient of
a free group directly from the cyclotomic algebra presentation of A. For example,
if A =[r,F,n,[[a1,b1,c1],[a2,b2,c2]],[[d]]] then the defining group G is the
quotient group of the free group on 3 generators x, y1, and y2 defined using these
relations:
xn = 1, y1
a1 = xc1 , y2
a2 = xc2 ,
xy1 = xb1 , xy2 = xb2 , y2y1 = y1y2x
d.
To expedite calculations later on, we immediately determine a polycyclic presen-
tation of G. This is done using the GAP command IsomorphismSpecialPcGroup.
It follows naturally from the cyclotomic algebra presentation of A that these defin-
ing groups are always cyclic-by-abelian, and therefore GAP can find their polycyclic
representations effectively. The polycyclic presentation of G aids with the calcula-
tion of its character table.
2. DefiningCharacterOfCyclotomicAlgebra. Let the defining group of A be G.
The defining character will be a faithful irreducible character χ of G for which
the simple component of FG corresponding to χ is A. The function identifies the
character χ simply by returning an integer s for which the GAP character Irr(G)[s]
is one of the Galois conjugates of χ.
Remark. Even when Irr(G)[s] is the defining character of A, the presentation
returned by a new call of
SimpleAlgebraByCharacterInfo(GroupRing(F,G),Irr(G)[s])
will often not match that of the original presentation of A exactly because of the
randomised methods that may be used by GAP to calculate Irr(G). However,
the Brauer-Witt approach used by wedderga ensures that the cyclic-by-abelian
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defining group appearing in the construction is a minimal one necessary to obtain a
presentation of the simple component over the field F . This minimality ensures that
there is only one Galois conjugacy class of faithful irreducible characters of G whose
simple component is realized as a crossed product of the extension F (ζn)/F (χ)
being acted on by its Galois group, and thus good candidates for s are easily found
with search of the character table of G. To see that there is only one Galois
conjugacy class of these characters, note that every faithful irreducible character χ
of G is induced from a faithful irreducible character λ of a maximal cyclic normal
subgroup C of G. If φ is any other faithful character of G, then φ also is induced
from a faithful irreducible character of C, which must be equal to λσ , for some
σ ∈ Gal(F (ζn)/F ). It then follows that φσ = χ.
3. LocalIndexAtInftyByCharacter. The standard method for calculating the
local index at ∞ of the simple component of QG corresponding to χ is to use
the Frobenius-Schur indicator of χ. If χ is represented in GAP by the character
Irr(G)[s], then the Frobenius-Schur indicator of χ is the result of
Indicator(CharacterTable(G),2)[s].
The local index of χ at ∞ is 2 exactly when this value is −1.
4. LocalIndexAtPByBrauerCharacter. Let G be the defining group and χ be the
defining character of A. If G happens to be nilpotent, it is well-known that the
only possibilities for a simple component of G to have non-trivial division algebra
part occur when the component is equivalent to the ordinary quaternion algebra.
Therefore, these cases will result in cyclic cyclotomic algebras that can be handled
by the shortcut method. If G is not nilpotent, then it will still be cyclic-by-abelian,
with its order divisible by at least two primes. Brauer characters of such groups are
quite accessible by means of the Fong-Swan theorem. Indeed, if the p-defect group
of the block containing χ is cyclic, we can apply the following theorem of Benard.
Theorem 5 ([1]). Suppose χ ∈ Irr(G) lies in a p-block B of G for which the
p-defect group of B is cyclic. Let χo be the restriction of χ to the set of p-regular
elements of G, and let φ be an irreducible Brauer character lying in the block B.
Then the p-local index of χ is [Qp(χo, φ) : Qp(χo)].
Provided the order of G is small enough, it is straightforward to use GAP’s
Brauer character records to find the values of an irreducible Brauer character φ of
G lying in the same p-block of G. To use Benard’s theorem, we convert the values
of χo and φ to lie in a finite field extension. This relies on fixing an isomorphism
from the group of p-regular roots of unity in Q(ζn) into the multiplicative group of
a finite field of characteristic p.
Benard’s theorem only gives correct results when the field F is contained in the
field of character values. To compute the p-local index over an abelian number field
F for which Q(χ) ( F (χ), we apply a theorem of Yamada (see [4, Theorem 9.2]).
Theorem 6 ([15]). Let K be a finite extension of Qp, and let χ ∈ Irr(G). If L is
a finite extension of K(χ) for which mK(χ)|[L : K(χ)], then mL(χ) = 1.
To apply this theorem in cases where F is larger than the field of character
values, we need to find the degree d of the p-local extension corresponding to the
global extension F/Q(χ). This will be d = e(F/Q(χ), p)f(F/Q(χ), p), which we
find using our cyclotomic reciprocity functions. Then we divide the p-local index
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of χ over the field of character values by gcd(mQp(χ), d) to get the p-local index of
χ over F .
Although the p-defect group D of the p-block of χ =Irr(G)[s] can not yet be
calculated precisely in GAP, it is well-known that
- D is the intersection of a Sylow p-subgroup P of G with its conjugate by a
p-regular element of G; and
- D is the Sylow p-subgroup of the centralizer in G of a p-regular element of G.
The command PossibleDefectGroups(G,s,p)determines a list of conjugacy classes
of the p-subgroups of G satisfying both of these conditions. (We thank Michael
Geline for suggesting this practical approach to the calculation of defect groups in
GAP.) We then check if representatives of all of these conjugacy classes are cyclic,
and if so we proceed to compute the p-local index by the Brauer character method.
If the p-defect group D is not, or may not be, cyclic, the Brauer character
calculation of the p-local index is unreliable. (An exception is a recent theorem
of Geline [5], which shows mQ2(χ) = 1 when G is solvable and the 2-defect group
of the block containing χ is abelian.) When p is odd, we can avoid this situation
by calculating the p-local index one prime part at a time. To calculate the largest
power of q that divides the p-local index of χ ∈ Irr(G), we first find AK where K is
the maximal p-split subextension K of L = F (ζn). For each prime q dividing both
|G| and p− 1, find the unique subfield Kq of L containing K for which [Kq : K] is
coprime to q and [L : Kq] is a q-power. The p-local index of AKq is equal to the
q-part of the p-local index of A, and the defining group of AKq has a cyclic Sylow
p-subgroup.
Remark. As it has not been required in the computation of Schur indices of
groups of order up to 511, a command implementing the “one prime part at a
time” algorithm to calculate the p-local index of χ has yet to be developed in
wedderga. The steps necessary for this reduction can be manually performed one
at a time in the current version, however.
6. 2-local indices via the classification of dyadic Schur groups
1. LocalIndexAtTwoByCharacter. When p = 2, the 2-local index of the cyclotomic
algebraA = (K(ζn)/K, α) can only divide 2, so we can again arrange that the factor
set of A consists only of 2-power roots of unity. As above we find the maximal 2-
split subextension K of F , then the unique subfield K2 of L = K(ζn) containing K
for which [K2 : K] is odd and [L : K2] is a power of 2. If possible, we then replace n
with a n′ < n with K2(ζn′) = L , and re-calculate wedderga’s -Info presentation of
AK2 so that it uses a primitive n
′-th root of 1. As discussed earlier, the 2-local index
of AK2 cannot be 2 unless 4 divides n
′ and ζ4 6∈ K2. The defining group of AK2
is an extension of a cyclic group by an abelian 2-group with at most 3 generators,
at most one for the unramified part of the corresponding 2-local extension, and
at most two for the ramified part. There is an automorphism σb ∈ Gal(L/K2)
which inverts ζ4 and fixes ζn′
2′
. If there are 2 generators for the ramified part, then
n′2 > 4 and the other generator would have to be an automorphism of L/K2 fixing
ζ4n′
2′
for which ζn′
2
7→ ζ5kn′
2
for some integer k. If E is the subfield of L fixed by
this automorphism, then the norm of the extension L/E will map 〈ζn′
2
〉 surjectively
onto 〈ζ4〉 (see [6, Theorem 1]). The field E is now of the form E = K2(ζ4n
2′
). Since
the residue degree of E/K2 is a power of 2, by minimality we can assume n2′ is
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a prime q. It then follows from [6, Theorem 1] that the cyclotomic algebra AK2
is equivalent to a cyclotomic algebra of the form (E/K2, α), with the factor set α
taking values in 〈ζ4〉.
Remark. As it has not been required to calculate Schur indices for groups of
order up to 511, a subroutine to carry out the norm reduction from L/K2 to E/K2
described above has yet to be implemented in the current version of wedderga. In
fact it may be the case that the bottom-up nature of the search routines used in
the Brauer-Witt reduction make this step unnecessary in practice - the cyclotomic
algebra that wedderga obtains over the maximal 2-split subextension may only
have 1- or 2-generated Galois groups. This is the case if one uses a “one prime at a
time” strategy in the traditional Brauer-Witt theorem, but the cyclotomic algebras
produced by wedderga are not exactly done with this method. If 3-generated galois
groups over the 2-split subextension do occur, this issue will have to be dealt with in
a future version of the package. With the current package, a manual implementation
of the “one prime at a time” strategy can be carried out, so calculation of the 2-local
index, while not automatic, would still be possible.
Even when we have reduced the 2-local index calculation of χ to that of (E/K2, α),
it is often still not the case that the defect group of the 2-block containing the
defining character is cyclic, or even abelian. When this defect group is abelian,
the theorem of Geline says the 2-local index of χ is 1. If the defect group is not
guaranteed to be abelian, we appeal to the classification of dyadic Schur groups,
which we now describe.
2. IsDyadicSchurGroup. This process should only be used when (E/K2, α) is
not a cyclic cyclotomic algebra, and it should be the case that E = K2(ζ4q) for
some odd prime q, ζ4 6∈ K2, |Gal(E/K2)| is a power of 2, α ⊆ 〈ζ4〉, and the defect
group of the corresponding 2-block is not guaranteed to be abelian. In this case
the defining group and defining character for (E/K2, α) coincide with a terminal
Brauer-Witt reduction (as explained in the next paragraph) for the character χ in
the terminology of [14]. By [14] and [13], the 2-local index of (E/K2, α) will be 2 in
this case if and only if the structure of the defining group matches one of two types
of dyadic Schur groups whose faithful characters lie in 2-blocks with nonabelian
defect groups, and the 2-local index of the defining character remains nontrivial
over K2.
Let p be a prime dividing |G| and q be a prime dividing χ(1). A Brauer-Witt
reduction for the q-part of the p-local index of χ ∈ Irr(G) is a pair (H, ξ) formed
by an irreducible character ξ of a subgroup H of G, with the property that both
(χH , ξ) and [Qp(χ, ξ) : Qp(χ)] are not divisible by q. These conditions ensure that
the p-local index of ξ is equal to the q-part of the p-local index of χ. The pair
(H, ξ) is a terminal Brauer-Witt reduction for (the q-part of the p-local index of)
χ when (H, ξ) is a Brauer-Witt reduction, but no proper subgroup of H can be
used in a Brauer-Witt reduction for ξ. A Schur group is a group H with a faithful
irreducible character ξ for which there is a group G and character χ of G for which
(H, ξ) is the terminal Brauer-Witt reduction for the q-part of the p-local index of
χ. The main results of [14] show that for every irreducible character ξ of a finite
group G, and for every suitable pair of primes p and q, there is a subgroup H and
ξ ∈ Irr(H) for which (H, ξ) is a terminal Brauer-Witt reduction for the q-part of
the p-local index of χ. Schmid organized Schur groups into 7 different structural
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types, and for each of these types, gave a formula p-local index of its unique faithful
irreducible character ξ. The dyadic Schur groups are the Schur groups H for which
the 2-local index of their faithful irreducible character ξ is 2.
We will use Riese and Schmid’s characterization of dyadic Schur groups from
[13], which requires a careful definition of dyadic 2-groups. We say that a 2-group
P is dyadic if P ′ is cyclic of order at least 4 and the centralizer Y of the subgroup
Z of order 4 in P ′ has the property that Y/Z is cyclic [13, Lemma 3].
Theorem 7 ([13], Lemma 4). Suppose H is a dyadic Schur group and H 6= Q8.
Then H ≃ U ⋊ P , where U ≃ Cq is cyclic of prime order q, and P is a 2-group.
Let X = CP (U). Then one of the following holds:
a) H is of type (Q8, q): X ≃ Q8, and P is the central product of X and CP (X);
or
b) H is of type (QD, q): X is a generalized quaternion 2-group of order ≥ 16 or
a dihedral 2-group, and P is a dyadic 2-group with |X/P ′| = 2.
Remark. The condition thatX not be allowed to be Q8 forH to have type (QD, q)
can be inferred from a careful reading of the proof of [13, Lemma 4].
If the defining group H is of type (Q8, q), then the simple component generated
in wedderga is actually a cyclic cyclotomic algebra, since H ≃ C4q : C2s if the
action of P on U has order 2s. (We use the notation X : H to indicate a non-split
extension of X by H .) So in these cases we can compute the 2-local index directly
once we have reduced to the field E. If the defiining group H is of type (QD, q),
we check that its Sylow 2-subgroup has the structure of a dyadic 2-group, then we
check the conditions that X = CP (U) is generalized quaternion or dihedral and
that X/P ′ has order 2.
Finally we have to check that the field K2 does not split the algebra. This step is
not needed when computing indices of group algebras over the rationals, but it has
to be dealt with when working over abelian number fields that are larger than the
field of character values. As we had shown in the discussion concerning Benard’s
theorem, this will be the case if and only if e(K2/Q(χ), 2)f(K2/Q(χ), 2) is odd.
Example. Nontrivial dyadic Schur groups of type (QD, q) already need to be con-
sidered for groups of order 48. For example, consider the small groups of order
48 numbered 15 through 18 in the GAP library. These each have a single faith-
ful rational-valued irreducible character χ of degree 4. The local indices of these
characters is as shown in the following table:
Group P X P ′ Local indices of χ
(48, 15) X ⋊ C2 D8 C4 [[2, 2], [3, 2]]
(48, 16) X : C2 D8 C4 [[2, 2], [∞, 2]]
(48, 17) X ⋊ C2 Q8 C4 [ ]
(48, 18) X : C2 Q8 C4 [[3, 2], [∞, 2]]
The first two of these are dyadic Schur groups of type (QD, q), the second pair are
not dyadic Schur groups. Local indices for these characters can also be checked
using the functions provided in the next section.
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7. Additional tools for cyclic and quaternion algebras
1. LocalIndicesOfRationalQuaternionAlgebra. GAP 4 includes built-in func-
tions for several special kinds of algebras, including generalized quaternion algebras
(a,bK ) over abelian number fieldsK, which are entered as QuaternionAlgebra(K,a,b)
for a, b ∈ K×. This is the 4-dimensional central simple algebra over K generated
by elements i, j with the relations i2 = a, j2 = b, and ij = −ji.
It is often desirable to know when a generalized quaternion algebra is a division
algebra, i.e. when its Schur index is 2. For generalized quaternion algebras over
Q, there is a traditional algorithm for calcuating their p-local indices that makes
use of the Legendre symbol. It is outlined in the book of Pierce [11, page 366].
One first obtains a tensor factorization of (a,b
Q
) into quaternion algebra factors
of the form ( c,d
Q
) where both c and d are either prime, 1, or −1. The Legendre
symbol at p is then used to directly compute the p-local invariants of these algebras.
Since the only nonzero invariants are 12 ’s, it is easy to sum them up modulo Z to
get the p-local invariant of (a,b
Q
) and hence the p-local index. The local index at
∞ is 2 only if both a and b are negative. If A is a rational quaternion algebra
in GAP, LocalIndicesOfRationalQuaternionAlgebra(A) returns its list of local
indices, and SchurIndex(A) returns its rational Schur index. These functions will
only work if the center of the quaternion algebra A is precisely the rationals, and
otherwise result in an error. We have found that using our SchurIndex(A) is to
be more reliable than GAP’s IsDivisionRing(A) for deciding when a generalized
quaternion algebra over Q is a division algebra.
Cyclic algebras and Quadratic algebras. For quaternion algebras over
abelian number fields larger than K, we offer functions that convert them into
cyclic algebras, whose local indices can be computed either by solving suitable
norm equations, or in some special cases by further conversion into a cyclic cyclo-
tomic algebra. In wedderga, we represent the cyclic algebra (L/K, σ, a) as simply
[K,L,[a]]. A well-known result states that the Schur index of the cyclic algebra
(L/K, σ, a) is the least power m of a that lies in the image of the norm map NL/K .
While GAP offers no command for solving such norm equations, other number
theory systems do offer this capability. For example, one can use the command
bnfisnorm(F,x,{flag=0}) in PARI/GP [10] to verify whether or not the nonzero
rational number x is a norm in the Galois extension F/Q. (The referee has re-
marked that the PARI/GP interface provided by GAP’s Alnuth package might be
utilized for future improvements to wedderga.)
When L = K(
√
d) for some d ∈ K, we refer to the cyclic algebra as a quadratic
algebra. It is easy to convert directly between quaternion algebras and quadratic
algebras: (K(
√
d)/K, σ, a) is equal to (d,aK ), and vice versa. If the cyclic algebra
(L/K, σ, a) has the form (F (ζn)/F, σb, ζ
c
n), then we can convert it directly into the
cyclic cyclotomic algebra with wedderga presentation [1,F,n,[[F (ζn) : F ],b,c]].
We provide functions in wedderga for all of these conversions. It would also be
desirable to be able to convert between our algebras and algebras with structure
constants, or finitely presented algebras. Such functions will be considered for a
future release of the package.
2. DecomposeCyclotomicAlgebra. Another way to attack the problem of calcu-
lating Schur indices for non-cyclic cyclotomic algebras resulting from wedderga’s
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-Info functions is decompose them as tensor products of cyclic algebras, whose
local indices can be calculated using norm equations or other methods. Given a
cyclotomic algebra [r,F,n,[[a1,b1,c1],[a2,b2,c2]],[[d]]], whose abelian ga-
lois group has 2 generators, we think of the algebra as ⊕i,jLuivj , where u and v
satisfy the relations given in section 2. Let L = F (ζn). One way to decompose the
algebra as a tensor product of cyclic algebras is to find a nonzero scalar c in L× for
which v(cu) = (cu)v and (cu)a1 ∈ F . Once this is found, the cyclotomic algebra
decomposes as r × r matrices over
(L〈σb2 〉/F, σ, (cu)a1)⊗F (L〈σb1 〉/F, φ, va2 ).
Alternatively, we can leave u alone and replace v by a suitable scalar in L×, or even
adjust both by a scalar simultaneously. The fixed fields L〈σbi 〉 are easily found by
using the command NF (n, [1, bi]) in GAP when L = Q(ζn), and if L is otherwise
we find NF (n, [1, bi]) and extend it by a primitive element of F .
The special cases where ζdn ∈ 〈ζ4〉 and ζ4 6∈ F occur most often for small groups.
To achieve the decomposition in these cases, we replace u and v by the u′ and v′
in the following table:
ζdn ζ
b1
4 ζ
b2
4 u
′ v′
1 ∗ ∗ u v
−1 ±ζ4 ζ4 u ζ4v
−1 ±ζ4 −ζ4 ζ4u v
ζ4 ζ4 −ζ4 (1− ζ4)u v
ζ4 −ζ4 ζ4 u (1 + ζ4)v
ζ4 −ζ4 −ζ4 (1− ζ4)u ζ4v
−ζ4 ζ4 −ζ4 (1 + ζ4)u v
−ζ4 −ζ4 ζ4 u (1 − ζ4)v
−ζ4 −ζ4 −ζ4 (1 + ζ4)u ζ4v
Example. An example of the above is provided by the decomposition of the
cyclotomic algebras resulting from the small groups of order 48 numbered 15 to
18 in the GAP library. Each of these groups G produces a simple component in
QG that is a non-cyclic cycoltomic algebra. After loading wedderga, the reader is
invited to generate these examples for themselves using these commands
gap> R:=GroupRing(Rationals,SmallGroup(48,15));;
gap> W:=WedderburnDecompositionInfo(R);;
gap> DecomposeCyclotomicAlgebra(W[10]);
The following table gives the cyclic algebra decompositions of these four compo-
nents.
Group Simple Component TensorFactors
(48, 15) [1, Rationals, 12, [[2, 5, 9], [2, 7, 0]], [[9]]] (Q(ζ3)/Q, 2)⊗ (Q(ζ4)/Q, 1)
(48, 16) [1, Rationals, 12, [[2, 5, 3], [2, 7, 0]], [[9]]] (Q(ζ3)/Q,−2)⊗ (Q(ζ4)/Q, 1)
(48, 17) [1, Rationals, 12, [[2, 5, 3], [2, 7, 6]], [[9]]] (Q(ζ3)/Q,−2)⊗ (Q(ζ4)/Q,−1)
(48, 18) [1, Rationals, 12, [[2, 5, 3], [2, 7, 6]], [[3]]] (Q(ζ3)/Q, 2)⊗ (Q(ζ4)/Q,−1)
As one can see, all the tensor factors in the above example can directly con-
verted into quaternion algebras, since Q(ζ3) = Q(
√−3) and Q(ζ4) = Q(
√−1).
Their local indices can be calculated directly with the Legendre symbol using
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LocalIndicesOfRationalQuaternionAlgebra. This makes it possible to directly
verify the Schur index calculations done previously with characters and the dyadic
Schur group classification.
To decompose the cyclotomic algebra [r,F,n,[[a1,b1,c1],[a2,b2,c2]],[[d]]]
when ζdn 6∈ 〈ζ4〉, the DecomposeCyclotomicAlgebra function computes a scalar c
for adjusting u. Let m be the order of ζdn, and write ζ
d
n = ζ
t
m. To find c so that
v(cu) = (cu)v, we need to find c so that cσb2 ζtb1b2m = c. We try to construct a
candidate for c directly. Start with the incomplete equation
(1 + . . . )ζtb1b2m = (ζ
tb1b2
m + . . . ).
The sum on the right-hand side represents c, and the sum on the left-hand side
is cσb2 . We apply σ−1b2 = σ
r
b2
to the term on the right-hand side, add that to the
left-hand side, and produce a new term on the right-hand side:
(1 + ζtb1m + . . . )ζ
tb1b2
m = (ζ
tb1b2
m + ζ
tb1(b2+1)
m + . . . ).
Now continue. Use the new term on the right to produce a new one on the left and
another on the right:
(1 + ζtb1m + ζ
tb1(1+r)
m + . . . )ζ
tb1b2
m = (ζ
tb1b2
m + ζ
tb1(b2+1)
m + ζ
tb1(r+1+b2)
m + . . . ).
And one more time to see the pattern:
(1+ζtb1m +ζ
tb1(1+r)
m +ζ
tb1(r
2+r+1)
m . . . )ζ
tb1b2
m = (ζ
tb1b2
m +ζ
tb1(b2+1)
m +ζ
tb1(r
2+r+1+b2)
m . . . ).
The process will eventually conclude when ζ
tb1(r
n+···+r+1)
m = 1. This produces
a candidate for c on the right, which will admit a tensor decomposition of the
cyclotomic algebra into two cyclic algebra factors as long as (cu)a1 ∈ F×. In
the general algorithm for DecomposeCyclotomicAlgebra in wedderga, the latter
condition is checked, and an error results if the condition fails. Even when this
function fails to find a scalar for u, the user can adjust the presentation of the
cyclotomic algebra so that v is listed before u, or so that v has been adjusted by a
scalar, and apply the function again to the new presentation.
It may be desirable in some cases to be able to decompose cyclotomic algebras
defined on galois groups with 3 or more generators. As of now there is no wedderga
feature for this. For groups of order up to 511 this has not been necessary, as passing
to the p-split subextension has reduced the galois groups to at most 2 generators.
References
[1] M. Benard, Schur indices and cyclic defect groups, Ann. of Math., (2), 103 (2), (1976),
283-304.
[2] M. Benard and M. Schacher, The Schur subgroup, II, J. Algebra, 22 (1), (1972), 378-385.
[3] O. Broche Cristo, A. Herman, A. Konovalov, A. Olivieri, G. Olteanu, A´. del R´ıo and I. van
Gelder. wedderga — Wedderburn Decomposition of Group Algebras, Version 4.6.1; 2013
(http://www.cs.st-andrews.ac.uk/ ∼alexk/wedderga).
[4] W. Feit, The Representation Theory of Finite Groups, North-Holland Publishing Co., 1982.
[5] M. Geline, Schur indices and abelian defect groups, J. Algebra, 319 (10), (2008), 4140-4146.
[6] G. Janusz, Generators for the Schur subgroups of local and global number fields, Pacific J.
Math., 56 (2), (1975), 525-546.
[7] W. Bosma, J. J. Cannon, C. Fieker, A. Steel (eds.), Handbook of Magma functions, Edition
2.16 (2010), 5017 pages.
[8] G. Navarro, Characters and Blocks of Finite Groups, London Mathematical Society, Lecture
Note Series no. 250, Cambridge, 1998.
SCHUR INDICES IN GAP: WEDDERGA 4.6+ 15
[9] G. Olteanu, A´. del R´ıo, An algorithm to compute the Wedderburn decomposition of semisim-
ple group algebras implemented in the GAP package wedderga, J. Symbolic Comput., 44 (5),
(2009), 507516.
[10] PARI/GP, version 2.5.3, Bordeaux, 2012, http://pari.math.u-bordeaux.fr/.
[11] R.S. Pierce, Associative Algebras, Graduate Texts in Mathematics, Vol. 88, Springer-Verlag,
1982.
[12] I. Reiner, Maximal Orders, London Mathematical Society Monographs, Vol. 28, Oxford Uni-
versity Press, 2003.
[13] U. Riese, P. Schmid, Schur indices and Schur groups. II, J. Algebra, 182 (1), (1996), 183200.
[14] P. Schmid, Schur indices and Schur groups, J. Algebra, 169 (1), (1994), 226247.
[15] T. Yamada, The Schur subgroup of the Brauer group, Lecture Notes in Mathematics, no.
184, Springer-Verlag, 1964.
Department of Mathematics and Statistics, University of Regina, Regina, Canada,
S4S 0A2
E-mail address: aherman@math.uregina.ca
